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Figure 5 The comparison between observed and modeled
magnitude of maximum aftershock in the sequence with
number of events larger than 50. The models are based
on the approach of the G-R law. The averaged deviation

between observations and models for the 119 sequences
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Abstract
The Bith’s law, b-value of the Gutenberg-Richter law (G-R law) in the form of the 1/
relation, and the full form of the G-R law are introduced to model the maximum
aftershock magnitude of the Taiwan region. The averaged difference of the magnitude
between mainshock and maximum aftershock is about 1.20. It is consistent with the
Béth’s law, but, with a large uncertainty. Large uncertainty implies the difference might

be a variable controlled by other factors. Based on 1//3, lower bound of the maximum
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magnitude in an earthquake sequence could be estimated. In Taiwan region, 66 % of the
earthquake sequences follow this relation. We further considered the G-R law for
evaluating the maximum magnitudes of the earthquake sequences. The G-R law is a
good index for maximum aftershock magnitude determination with a low uncertainty to
fit between models and observations. In order to evaluate the decays of the aftershock
magnitudes for different periods, the modified Omori’s law is introduced. Through the
approaches, the maximum magnitudes and temporal evolution of an earthquake
sequence can be modeled. It might be of benefit for seismic hazards mitigation in the
form of the rapid re-evaluation for short-term seismic hazards immediately following

devastating earthquakes.

1. Introduction

Historical experiences have pointed out not only mainshock, but also consequent
aftershocks may result in seismic hazards. For example, the M, 6.3, February 21*, 2011
Christchurch, New Zealand, earthquake is regarded as an aftershock of the M, 7.1,
September 4™ 2010 Darfield mainshock (Chan et al., 2012). The Christchurch
earthquake caused severe damage than the mainshock. Thus, understanding the behavior
of aftershocks, in terms of magnitudes and temporal evolution is an important topic for

seismic hazard mitigation.

Some of previous studies have investigated the maximum magnitudes of earthquake

sequences. Bath (1965) concluded that the averaged difference 51 between the

magnitude of the mainshock M, and the magnitude of the largest aftershock M, is

D =1.2. (1)

This relation has been named as ‘Béth’s law. It becomes one of the most mentioned

statistical characteristics in respect of earthquake sequences.



However, this relation does not in agreement with all of the results by consequent

studies. Utsu (1969) pointed out that the 51 was larger than the expected value 1/,

where [ can be represented as
B=Db-In(10), 2)

where b is the b-value in the Gutenberg-Richter law (G-R law) (Gutenberg and Richter,
1954):

log(N)=a-bM, (3)

where N is the number of event with magnitude larger than or equal to magnitude
threshold M. According to the aftershock sequence in Japan, Utsu (1961; 1969) obtained

a negative correlation between 51 and M,, which is in disagreement with Bath’s law.

Up to now, the characteristic of maximum magnitude in an earthquake sequence
remains controversial. In order to examine the feasibility of each model for maximum
aftershock determination through comparison with observations, a high-quality catalog

with a large number of events is desired.

Taiwan locates in a region where there is a high amount of seismic activity and a
seismic network with good quality. Due to the interaction between the Eurasia and
Philippine Sea Plates, the seismicity rate is high in the Taiwan region. The Central
Weather Bureau Seismic Network (CWBSN) with a total of 75 stations started operation
since the early of 1990s (Figure 1). The arrival times of P and S waves are selected
manually for the determination of earthquake parameters, i.e. hypocenter and Richter
local magnitude (M() (Shin, 1993). The CWBSN records approximately 20,000 events
each year in a region of roughly 400 x 550 kilometers (Wu et al., 2008). Therefore,
Taiwan can be a good candidate region for the examination the feasibility of each model

for maximum aftershock determination.

In this study, we try to determine the behaviors of the maximum magnitudes in
earthquake sequences in Taiwan. First, Bath’s law (Bath, 1965) is introduced and the
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relationship between M, and M, is discussed. Then we try to model M, according

to 1//, which can be regarded as lower bound of 51 The full form of the G-R law is

further considered for calculating the maximum magnitudes in earthquake sequences. In
addition, the temporal evolutions of the maximum aftershocks are discussed in this
study. Four cases of the earthquake sequences are introduced and the feasibility of each

model is evaluated in comparison with observations.

2. Earthquake catalog and clustering methodology

Catalog of the CWBSN is used in this study. In this study, we used clustering
method to extract an earthquake sequence. Events with magnitude large than magnitude
of completeness (M.) of the mainshock epicenter region will be used for analysis.
Spatial distribution of Mc and clustering methodology will be introduced in the
following.

2.1 Spatial distribution of M,

The CWBSN has greatly enhanced the earthquake monitoring capability in the
beginning of 1990’s (Wu and Chiao, 2006). To evaluate the reliability of the catalog, we
calculated spatial distribution of M, by using the maximum curvature approach (Wiemer
and Wyss, 2000). We considered the catalog in the period from the beginning of 1993 to
the end of 2011 for shallow earthquakes (with focal depth < 30 km). We divided our
study region into 0.2°x0.2° grids and searched for the events within a circle of 30 km in
radius (Figure 1). The pattern of M, simply reflects the density of the seismic stations.
The station densities are the highest in the northern and southwestern Taiwan, where the
M. is as low as 1.5. The M, for the inland region is generally less than 2.0, whereas the
M. in the offshore region is between 2.5 and 3.2 due to poor network coverage. The
spatial distribution and magnitudes estimated in this study is consistent with those
obtained from the Bayesian magnitude of completeness method (Mignan et al., 2011).
To achieve reliable calculation, it is important that we re-evaluate M. according to the

catalog fulfill the same criterion of each calculation.
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2.2 Clustering methodology

In order to extract earthquake clusters that events are related with one another in the
catalog, the approach of spatiotemporal double-link cluster analysis (Wu and Chiao,
2006) is applied. This approach is modified from the single-link cluster analysis
proposed by Davis and Frohlich (1991). We supposed an earthquake with magnitude
larger than magnitude threshold of 4.0 be a potential candidate of mainshocks. An event
is identified as an aftershock when its epicenter and occurrence time lay within the
spatial and temporal windows of a mainshock. We set the spatial and temporal linking
parameters of 5 km and 3 days, respectively, which are commonly used for earthquake
clustering in Taiwan (Wu and Chiao 2006; Wu and Chen 2007; Wu et al. 2008a).
Following the clustering approach, a total of 706 earthquake sequences were selected

for analysis (Figure 2).

3. What factors may control maximum magnitude in a
sequence?

According to the studied earthquake sequences (Figure 2), M, of each sequence is
observed (horizontal component of Figure 3). The range of the corresponding M, is in
between 0.0 (no consequent event) and 6.8 (which is the aftershock of the 1999 Chi-Chi
earthquake). In the following, we try to fit the observation with several models to

understand their behaviors.

3.1 Bath’s law

According to the Béth’s law, represented as equation (1), the difference between
M, and M, was a constant. In order to test the feasibility of this law, the two
parameters of each sequence are compared (Figure 3). The average of D, is 1.20,
which corresponds to the conclusion of Bath (1965). It should be mentioned that the
high standard deviation of 0.73 suggests the characteristics of some sequences may

depart from Béth’s law.

3.2 b-value



Based on the statement of Utsu (1969), 51 was larger than the expected value 1//.

In order to examine the hypothesis, corresponding 1// for each earthquake sequence is
evaluated (Figure 4). Maximum likelihood estimation was used to calculate the b-value.
Earthquake sequences with number of events larger than 50 were considered for this

analysis in order to calculate the b-values. There are 66 % (79 of 119) of sequences have
lower 1/ in comparison to D,. Such result corresponds to the conclusion of Utsu

(1969). Based on this approach, the upper bound of M), could be constrained.

3.3 The G-R law

In this study, the b-value and the G-R law (Gutenberg and Richter, 1954) are also
introduced to determine the maximum aftershock magnitude in an earthquake sequence.

We modeled the seismic behavior of the sequences according to the G-R law in the form
of a- and b-value. We assume that M, is obtained when N equal to 1,i.e. M, = %. We

compared the modeled M, with the observed ones for each sequence (Figure 5). The

consistency between each other is confirmed by the relative low averaged deviation of
0.13.

4. Case studies on modeling the temporal evolution of
aftershock magnitudes

Above three approaches have been proposed to model the maximum magnitudes in

sequences. In the following we further evaluate their temporal distribution in a sequence.

For the temporal evolution of seismicity rate n(t) that decays with time t, we

considered the modified Omori’s law by Utsu (1961) and Utsu et al. (1995). It can be

presented as:

n(t)= 4)



where Kk, ¢, and p are constants. In this study, the three parameters for each sequence
were obtained by the best fit with observation. The total number of events N, after

time t, is presented as:

tend k
Nl = J.tl (C-I—t)p dt’ (5)

where t,, is the time of the end of the sequence. We evaluated the ratio of N, to N

for different periods and then modeled the decay of the maximum magnitudes by

assuming a variable a-value and a fixed b-value in the G-R law.

Taking the 1999 Chi-Chi sequence as an example, the seismic behaviors of this
sequence are modeled by the G-R law (Figure 6a) and the modified Omori’s law (Figure
6b). According to the magnitude of the mainshock (M;=7.3) and Béth’s law, that
D,=1.2, the M, is expected to be 6.1; according to the b-value of 0.86 and the 1/
relation, the M), is expected to be smaller than 6.8; according to the modeled a- and
b-values in the G-R law (6.26 and 0.86, respectively), the M, is expected to be 7.3
(Table 1). To compare with the observed M, (6.8), the 1// relation performs the best

model.

According to the date of the last event in the Chi-Chi sequence (May 5", 2000), t_
is 151 days. Based on the modeled modified Omori’s law (Figure 6b), N, can be
evaluated as a function of t, according to equation (5). By assuming variable a-value
and fixed b-value, the decay of M, can be evaluated. For example, when t = 50 days,
N, becomes 1/7.24 times as that in the beginning of this sequence. The a-value
becomes 6.26-log(7.24)=5.40. Considering the b-value of 0.86, the M, at this time is 1
unit smaller than that in the beginning. Based on this procedure, the temporal evolution
of the M, according to other two approaches could be modeled (Figure 6c). To
compare with the observation (thinnest line in Figure 6¢), which represents the M,
since each time point until the end of the sequence, it is found that all of the three
approaches can model the trend of decay. For the statistical comparison in terms of
averaged residual (Table 1), the model according to the 1/f relation has the best fit

with observation. Through the same procedure, we modeled the M, behaviors for the
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other three earthquake sequences, i.e. the 1993 Dapu, 1994 Nanao, and 1998 Rueyli
sequences (Figure 2) (Chan and Ma, 2004). The observed and modeled M, as well as
residual for temporal evolution based on each model are presented (Table 1). It is found
that either the G-R law or the 1// relation has the best fit with observation, suggesting
the feasibility of the models.

5. Discussion and Summary

5.1 Feasibility of the models for maximum magnitude in a sequence

In this study, Bath’s law, the 1/ f relation, and the G-R law are introduced to model
the maximum magnitude of earthquake sequences in Taiwan. All of the three
approaches have demonstrated their feasibility within deviation ranges. By comparison
the magnitudes between mainshock and maximum aftershock, an averaged difference of
1.20 between each other is obtained (Figure 3). It is consistent with the conclusion of
Béth (1965). However, the corresponding large deviation of 0.73 implies the difference
might be a variable controlled by other factors, such as the mainshock magnitude
(Vere-Jones, 1969), 1/ L (Utsu, 1961, 1969), or the total number of events in the
sequence (Lombardi, 2002). Based on the b-value in the form of the 1/4 relation,
lower bound of the maximum magnitude in an earthquake sequence can be estimated
(Figure 4). In the case of the earthquake sequences in Taiwan, 66 % of the earthquake
sequences follow this relation, suggests its reliability. Based on this concept, the upper
bound of the maximum magnitude could be constrained. However, corresponding lower
bound remains controversial. The G-R law also provides evaluation of the maximum
magnitude of earthquake sequences (Figure 5). According to the low deviation of 0.13
between models and observations, the G-R law can be an ideal index for maximum

magnitude determination.
5.2 Difficulty for modeling occurrence of larger earthquakes.

Historical experiences have pointed that not only aftershocks may result in
consequent seismic hazards, but also next larger earthquakes can further expand hazards.
For example, a M,,7.4 earthquake took place off the Pacific coast of Tohoku, Japan on

March 9", 2011 (Nettles et al., 2011). Since the epicenter is away from land, the
11



resulting damages are negligible. 51 hours after the earthquake on March 11" an

earthquake with M9.1 took place and resulted in disasters in Japan.

Although all of the three approaches provide information for possible magnitudes of
aftershocks, they are difficult to evaluate the probability of consequent earthquakes with
larger magnitudes, i.e. the first event becomes a foreshock. Based on the approaches of
Bath’s law and the 1/4 relation, the maximum magnitude in a sequence is assumed to
be smaller than the magnitude of the first event. Based on the G-R law, the modeled
magnitude of a sequence could be larger than that of mainshock, when a large a-value
or/and a small b-value are obtained. The foreshock-mainshock behaviors can also be
modeled in the forms of physics-based or statistics-based approaches. For example,
Chan et al. (2010; 2012) considered the Coulomb stress change imparted by earthquakes
and the rate-and-state friction model to evaluate seismicity rate evolution. Based on this
approach, the occurrence probabilities for different magnitudes can be estimated.
Time-space Epidemic Type AfterShock model (as known as ETAS model by Kagan and
Knopoff, 1981) can be another alternative. Based on this model, every earthquake is
assumed as a mainshock, which can trigger consequence events that could be larger than

the mainshock.
5.3 Possible application in a near real-time.

According to the approaches, the maximum magnitudes of an earthquake sequence
and their temporal evolutions can be modeled. The results might be of benefit to
decision-makers for seismic hazards mitigation. For example, the rapid re-evaluation for
short-term seismic hazards immediately following devastating earthquakes could
provide information on devastation estimations, emergency response, and/or victim
sheltering. For this purpose, an approach that can be applied in a real-time or near
real-time after occurrence of a large earthquake is desirable. The Béth’s law could be
applied immediately after earthquake, since it is assumed a constant magnitude
difference between mainshock and maximum aftershock. The 1/4 relation might also
be applied in a real-time based on the assumption of temporal-stationary b-value.
Practically, once a database for the spatial distribution of b-values has been established,
the corresponding magnitude of maximum aftershock can be estimated right after
occurrence of mainshock.
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Table 1 Source parameters for the mainshocks of the four sequences that considered for
the discussion of temporal evolution. The observed and modeled M, as well

as residual for temporal evolution based on the three approaches are also

presented.
Earthquake Dapu Nanao Rueyli Chi-Chi
Year 1993 1994 1998 1999
Month 12 6 7 9
Origin time Day 'l?- 5 17 ZE
Hour 21 1 4 17
Minute 49 9 51 47
Second 43.10 30.09 14.96 15.85
Longitude (")  120.52 121.83 120.66 120.81
Location Latitude (7) 23.19 2446 23.50 23.86
Depth (km) 125 53 28 8.0
Mainshock magnitude (M) b7 6.5 0.2 7.3
Observation 4.6 51 45 6.8
Max. Bath 42(04) 42(09) 50(+05) 6.1(-07)
magnitude 1/ 51(+05) 51(00) 58(+13) 6.8(00)
GR 49(+03) 49(02) 44(-01) 7.2(+05)
Residual for Bath 0.87 0.30 0.51 0.43
temporal 1/p 0.32 0.58 1.28 0.30
evolution G-R 0.32 0.24 0.26 0.72
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Figure 1 Spatial distribution of the magnitude completeness (M¢) according to the
Central Weather Bureau Seismic Network (CWBSN) catalog. The triangles
represent the locations of the CWBSN stations.
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Figure 5 The comparison between observed and modeled magnitude of maximum

aftershock in the sequence with number of events larger than 50. The models
are based on the approach of the G-R law. The averaged deviation between

observations and models for the 119 sequences is 0.13.
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Figure 6 (a) Modeled G-R law, (b) modeled modified Omori’s law and (c) observed and

modeled temporal distribution of maximum magnitude of the 1999 Chi-Chi

sequence. The residual for temporal evolution based on the three approaches

are presented in Table 1.
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